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Abstract

Finite element simulations and a reformulation of the electrical admittance for a piezoelectric disk as a
'generalized permittivity' is used to study methods for determine the free, the planar and the clamped
permittivity constants. In addition, a method is studied to determine a sti�ness constant and a piezo-
electric constant. The methods are used to obtain measured values for the material constants considered,
and a resulting modi�ed data set is used in FE simulations of the source sensitivity. Further work is
needed to demonstrate the soundness and accuracies of the methods and to develop sound methods for
the remaining constants.

1. Introduction

Finite Element Modeling (FEM) is used extensively in piezoelectric transducer design today, and in appli-
cations of such transducers. Accurate values of material constants for piezoelectric and other materials in a
transducer construction, can be used in a FEM model together with dimensions to calculate accurately the
acoustic �eld properties. However, there is a need of better methods for material constants determination,
and several groups are currently working on this [1�3]. FEM is seen as an important tool in developing more
accurate methods for measuring material constants than described in [4]

A 'generalized permittivity' method was used in [3] to study properties of piezoelectric disks including material
constants. This method will be discussed further in the present paper, in order to investigate methods for
determining the free, the planar and the clamped permittivity constants.

Precise determination of material constants is required for precise simulated acoustical properties such as the
source sensitivity. Examples of the in�uence of material constants on the source sensitivity of a piezoelectric
disk are given for two di�erent sets of material data.

2. Theory

2.1. Material constants

Constitutive equations describing linear properties of piezoelectric materials can be written in the usual four
sets of equations using compressed notation [4],

Tp = cEpqSq − ejpEj Di = eiqSq + εSijEj , (1)

Tp = cDpqSq − hjpDj Ei = −hiqSq + βSijDj , (2)
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Sp = sEpqTq + djpEj Di = diqTq + εTijEj , (3)

Sp = sDpqTq + gjpDj Ei = −giqTq + βTijDj , (4)

with i, j = 1,2,3 and p, q = 1,2,...,6. Tp are the mechanical stress components, Sp is the mechanical strain
components, Ei are the electrical �eld vector components and Di are the electrical displacement vector
components. cEpq and cDpq are mechanical sti�ness constants for constant electric �eld and constant electric

displacement, respectively. eip, dip, hip and gip are piezoelectric constants, εS are permittivity at constant
strain, and εT is the permittivity at constant stress. Each set of equations is expressed by a complete set
of material constants. Through matrix calculations, one complete set of constants can be calculated from
another [4, 5].

The well known permittivity constants for a piezoelectric ceramic disk and some relations between them can
be written as[4�6],

εT33 =
εp33

1− k2p
, (5)

εp33 =
εS33

1− k2t
, (6)

εS33 = εT33(1− k2p)(1− k2t ), (7)

where εp33 is the planar permittivity constant. kp and kt are the planar and the thickness-extensional coupling
factors, respectively, and are given as [4],

k2p =
2(kp)2

1 + σp − 2(kp)2
, kt33 = kt =

√
e233
cD33ε

S
33

. (8)

where,

cD33 = cE33 +
e233
εS33

, (9)

is expressed by constants involved in the �rst set of constitutive equations, Eq. (1). kp and σp are the radial
piezoelectric coupling factor and the planar Poisson's ratio, respectively [4],

kp =

√
(ep31)

2

cp11ε
p
33

, σp = −s
E
12

sE11
. (10)

The permittivity constants in Eqs. (5)-(7) can be combined with Eqs. (8) and (9) thereby the following two
constants used in the constitutive set of equations in Eq. (1) can be expressed by [6],

cE33 = cD33
εS33
εp33

, e33 =
√
cE33(ε

p
33 − εS33). (11)

One usual way to include loss in the description, is to include an imaginary part of the various constants
[7, 8]

ĉEpq = cE
′

pq + icE
′′

pq = cE
′

pq (1 + i/Qc
E

pq ), (12)

êip = e
′

ip − ie
′′

ip = e
′

ip(1− i/Qeip), (13)

ε̂Sij = εS
′

ij − iεS
′′

ij = εS
′

ij (1− i/Qε
S

ij ), (14)

with i, j = 1,2,3 and p, q = 1,2,...,6. ˆdenotes complex constants and will be used hereafter. ′ and ′′ denotes
the real and the imaginary part of the complex constant, respectively. The dissipation factor is de�ned as
[7, 8]:

tan δc
E

pq = cE
′′

pq /c
E′

pq , (15)

tan δeip = e
′′

ip/e
′

ip, (16)

tan δε
S

ij = εS
′′

ij /ε
S′

ij . (17)
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2.2. Models for piezoelectric vibrations

Simpli�ed models based on di�erent assumptions are interesting when studying the behavior of a piezoelectric
transducer. Two simpli�ed models for piezoelectric resonances are of interest in the present work, the radial
modes model and the thickness-extensional modes model. However, most of the simulations are made using
an axis-symmetric �nite element model.

2.2.1. Radial modes model

The electrical admittance of the radial modes model is given as [4, 9]

Y (f) =
−iωε̂p33A

T

[
2(kp)

2

1− σp −=(η)
− 1

]
, (18)

where T is the thickness of the disk, A = πa2 is the surface area of the disk and a is the radius, ω is the

angular frequency, =(η) = ηJ0(η)
J1(η)

is Ono's function where η = ωa
vp , and vp is the velocity in the radial

direction, J0 and J1 are Bessel functions of �rst kind and order 0 and 1, respectively. For the radial modes
model two limiting values for the electrical admittance can be found

lim
f→0

(
Y

T

iωAε0

)
= ε̂T33r and lim

f→∞

(
Y

T

iωAε0

)
= ε̂p33r.

ε0 is the permittivity of free space, and the subscript r denotes relative permttivities.

2.2.2. Thickness-extensional modes model (Mason TE model)

In the thickness-extensional(TE) modes model the electrical impedance is given as [4]

Z =
1

Y
=

1

iωC0

(
1− k2t

tan( 12kT )
1
2kT

)
, (19)

where k = ω
c , c =

√
cD33
ρ , and C0 =

εS33A
T is the clamped capacitance of the disk. The antiresonance frequencies

of a lossless element is de�ned in [4] as the frequencies at maximum impedance (Z = i∞). For the impedance
in Eq.(19), this happens when tan( 12kT )→∞, and is true for

f2,n = (2n− 1)
c

2T
, (20)

where n = 1, 2, 3... and subscript 2 on the frequency denotes antiresonance. When tan( 12kT ) = 0 the

admittance according to Eq.(19) becomes Y = iωC0 = iω
εS33A
T . This is ful�lled when

fj = j
c

T
, (21)

where j = 1, 2, 3... From this it is clear that the frequencies, fj , where C0 can be found, is midway between

two antiresonances, expressed mathematically, fj =
f2,n+f2,n+1

2 , j = n = 1, 2, 3...

When material losses are used in the description, the IEEE Standard on piezoelectricity, [4], recommends
that the parallel resonance frequencies, fp, de�ned by the frequencies at maximum resistance, are used for
the antiresonance frequencies de�ned in Eq. (20). As indicated in [10], the midpoint frequencies, fj , where
C0, and thus also ε̂S33r are found is between two parallel resonance frequencies when loss is included in the
description. This may provide a method to determine both εS

′

33r and ε
S′′

33r from electrical measurements on a
piezoelectric disk, and will be studied by the use of simulations using the TE modes model and the FE model
presented in Section 2.2.3. The thickness-extensional modes model also has this limit

lim
f→0

(
Y

T

iωAε0

)
= ε̂p33r. (22)

Further, from the Mason TE model:
cD

′

33 = 4ρ(fpT )
2, (23)

providing a method to determine cD
′

33 from measurements when the TE Mason model can be used for the
analyses.
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2.2.3. FE model

The �nite element program FEMP 5.0 [11, 12] is used to perform the simulations of the piezoelectric element.
The direct harmonic solution method was used for simulations of the electrical admittance for the element in
vacuum [12]. A simulation in vacuum compared to simulation in air introduces only a negligible error in the
admittance [12], and decreases the computation time, therefore the simulations of electrical admittance are all
performed in vacuum. Elements per shear wavelength was set to 5 in both radial and thickness directions for 8
nodes elements, the total number of elements is calculated at the highest simulated frequency. Furthermore, a
few simulations over narrower frequency bands were made for accurate determination of resonance frequencies.
The material constants used in the simulations were an adjusted set compared to the manufacturers material
data. This adjusted set has been seen to give a better agreement between simulations and measurements
in some earlier work [3, 13, 14]. Both the adjusted set and the set from the manufacturer are listed below.
Note that the number of digits used does not indicate accuracies but are used to reduce numerical errors in
calculations.

Table 1: Material data for the piezoelectric material Pz27.

Constant Unit Ferroperm Piezoceramics A/S Adjusted set # 1 [13, 14]

cE11 [1010 Pa] 14,70 11,875(1+i 1
95,75 )

cE12 [1010 Pa] 10,50 7,430(1+i 1
71,24 )

cE13 [1010 Pa] 9,370 7,425 (1+i 1
120,19 )

cE33 [1010 Pa] 11,30 11,205 (1+i 1
177,99 )

cE44 [1010 Pa] 2,30 2,110 (1+i 1
75 )

e31 [ C ·m−2] -3,090 -5,40 (1-i 1
166 )

e33 [ C ·m−2] 16,00 16,0389(1-i 1
323,77 )

e15 [ C ·m−2] 11,60 11,20(1-i 1
200 )

εS11r - 1130 916(1-i 1
50 )

εS33r - 914 920(1-i 1
86,28 )

ρ [ kg ·m−3] 7700 7700
Qm - 74 -
tan δ - 0,017 -

In the material data from the manufacturer [15], loss is represented by the mechanical quality factor (me-
chanical loss) QM and the dielectric loss tan δ. In the adjusted set # 1, loss is included for all the material
constants in Eqs. (12)-(14), but the values can be quite uncertain.

The simulations of the acoustical properties is made with the disk element in air. A circular layer of �uid
�nite elements is therefore placed outside the piezoceramic element. To ensure that the transducer radiates
in to an in�nite �uid, in�nite elements are used outside the �nite �uid elements. To reduce the computational
error, the in�nite elements should be placed at a distance Rinf ≥ 0.32 a2/λ [12].

2.3. 'Generalized permittivity'

The electrical admittance can be reformulated to the dimension of relative permittivity as [3],

ε̂GENr ≡ Y T

iωε0A
=

(G+ iB)T

iωε0A
= B

T

ωε0A
− iG T

ωε0A
= εGEN

′

r − iεGEN
′′

r , (24)

where G and B are the electrical conductance and susceptance, respectively. The conductance, G, and εGEN
′′

r

are always nonnegative, and accordingly εGEN
′′

r can also be studied in a logarithmic form, i.e 20 log10(ε
GEN ′′

r ).
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3. Experiment

3.1. The piezoelectric disks

A set of 10 disks, of the type Pz27 [15], as illustrated in Fig. 1, with stated dimensions D=16 mm and
T=2 mm, i.e D/T=8, were used in the present work. However, results from only one element(# 9) will be
presented. The measured thickness and diameter of the element were T= 2.032 ± 0.005 mm and D = 16.054
mm ± 0.005 mm giving D/T = 7.9006. The measured D and T were used together with material data for
the element in FE simulations.

Figure 1: Illustration of a disk with diameter D and thickness T.

3.2. Electrical measurements

The measurements are made using a HP 4192A impedance analyzer, as shown in Figs. 2 and 3. This
impedance analyzer was connected by GPIB to a PC running Matlab to collect the measurement data.
To compensate for e�ects from the short wires to the element, the setup was zero-adjusted at the highest
frequency for each series of measurements, according to [16].

Figure 2: Impedance analyzer HP 4192A. Figure 3: Piezoelectric element in measurement setup.

4. Results

FE simulations of the electrical admittance for the element used are presented in Fig. 4 in the form of
'generalized permittivity'. The �gure shows an overwiew of properties for the frequency range considered, 0
to 8 MHz. Separate plots will be used in the following to consider possible measuring methods for the free,
the planar and the clamped permittivity constants, �rst by using FE to study the methods, and then using
electrical measurements to apply the methods.
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Figure 4: FE simulation of the electrical admittance reformulated as 'generalized permittivity', ε̂GENr , for a Pz27 disk. (a) The

real part εGEN
′

r , and (b) the imaginary part εGEN
′′

r .

4.1. Free permittivity constant

For the radial modes model in Section 2.2.1, the 'generalized permittivity' approaches the free permittivity
constant ε̂T33 when the frequency goes to zero. It is of interest to see if also the FE model gives this result.
Also, since the permittivity of a similar piezoceramic material is known to decrease a little with frequency
[17], it is of interest to see whether the free permittivity constant can be determined at a higher frequency
than recommended in [4].

4.1.1. Method

The IEEE Standard on Piezoelectricity 176/1987, [4], recommends to determine the free permittivity constant
at a frequency lower than 1% of the �rst resonance frequency, i.e. the �rst radial mode for the disk studied,
and that the D/T -ratio for the disk should be higher than 10. The method is now demonstrated with
simulated data for the Pz27 element with D/T = 7.9. FE calculated 'generalized permittivity' is presented
in Fig. 5 from 0.1 to 100 kHz using the adjusted set in Table 1, together with the value of ε̂T33 calculated
from this material data set.

It is seen that εGEN
′

r and εGEN
′′

r both approach εT
′

33r and ε
T ′′

33r, respectively, at low frequencies, and that even
at 10 kHz, which represents 8% of the �rst radial resonance frequency, the deviations are less than 0.2%.
This indicates that for this case with D/T = 7.9, ε̂T33r can be determined with good accuracy even at 8 %
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of the lowest resonance frequency. This should be an advantage considering the decrease of the permittivity
constants (real parts) with frequency as seen from the measurements.
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Figure 5: FE simulation of the electrical admittance reformulated as 'generalized permittivity', ε̂GEN , for a piezoelectric disk
of the material Pz27, together with the free permittivity constant, ε̂T33r, calculated from the adjusted set # 1 in Table 1. (a)

The real parts εGEN
′

r and εT
′

33r, and (b) the imaginary parts εGEN
′′

r and εT
′′

33r.

4.1.2. Measurements

In Fig. 6 measurements of electrical admittance reformulated as εGEN
′

r and εGEN
′′

r are compared to the FE
calculations and values for εT

′

33r and ε
T ′′

33r given in Fig. 5. From the measurements εT
′

33r is seen to fall o� with
approximately 2.0% per decade of frequency. In [17] a similar material, PZT5A, is stated to have a decrease
of 2.4% per decade for the dielectric constants to at least 20 MHz! The measurements also show that εT

′′

33r

increases with approximately 12.3% per decade, which for the loss factor tan δε
T

33 results in an increase of
14.6% per decade. The variations with frequency have not been implemented in the FE model so far. The
values of εT

′

33r and ε
T ′′

33r from measurements at 10 kHz are:

ε̂T33r = 1766.86 -i27.97,

compared to the values calculated from data set # 1,

ε̂T33r = 1792.27 - i24.29 .

The measured data, if implemented in the material constants data set, should provide a better �t for the FE
simulations in this low-frequency region.
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Figure 6: Measurements and FE simulation of the electrical admittance reformulated as 'generalized permittivity', ε̂GENr , for a
Pz27 disk together with the free permittivity constant, ε̂T33r, calculated from the adjusted set # 1 in Table 1. (a) The real parts

εGEN
′

r and εT
′

33r, and (b) the imaginary parts εGEN
′′

r and εT
′′

33r.

4.2. Planar permittivity constant

According to [4] the planar permittivity constant εp
′

33r can be determined from measured values of εT
′

33r and

k
′

p and the application of Eq. (5). As the simpli�ed radial modes model gives εp
′

33r as a limiting value for

εGEN
′

r at high frequencies, and the simpli�ed TE modes model gives εp
′

33r as a low-frequency limit, it is of
interest to see whether ε̂p33r can be determined more directly in the radial modes frequency range and before
the TE modes range. FE simulations are used to study such a potential method here.

4.2.1. Method

In Fig. 7 the 'generalized permittivity' is plotted for the element considered (D/T = 7.9) using FE simulations
and compared to the calculated value of ε̂p33r using adjusted data set # 1. In [3] similar FE studies have

been done for a range of D/T from 10 to 50. For the εGEN
′

r , a method is used where the mean value of
the maximum and minimum for each radial resonance from R2 and up to close to the edge mode region is

compared with the calculated εp
′

33r. For all the D/T values studied in [3] and also for the present work this

mean value is seen to have smallest deviation from εp
′

33r at R2. The method used to determine εp
′′

33r from

εGEN
′′

r is to compare the minimum values between the radial modes to εp
′′

33r calculated from the data set #
1 in Table 1.
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Figure 7: FE simulations of the 'generalized permittivity', ε̂GENr , for a piezoelectric disk of the material Pz27, and the planar

permittivity constant, ε̂p33r, calculated from data set # 1 in Table 1. (a) The real parts εGEN
′

r and εp
′

33r, and (b) the imaginary

parts εGEN
′′

r and εp
′′

33r.

If these methods are used directly on the FE simulated data, the results given in Table 2 are obtained. The
"Input" values are the values calculated directly from data set # 1. As can be seen the deviations between
determined values and the input values increases at higher radial modes. R2 and the minimum between
R1 and R2 will thus be used in the following. However, small deviations are found between the determined
values and the input values, see Table 2.

Table 2: Determined εp
′

33r and εp
′′

33r from FE simulation

Input R2 R3 R4

εp
′

33r 1179.3 1198.5 1239.9 1311.7

εp
′′

33r 13,68 18.09 20.58 26.12

Such deviations are to be expected, since the R2 mode is not in a region where the ε̂p33r should be expected
to be found exactly according to the simpli�ed radial and TE modes models. However, the deviation is found
to be fairly small both for the results in [3] and in the present results.
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Figure 8: Sensitivity to the determination of ε̂p33r, when the constants with loss input to the simulations are changed in value

by 1% and 5%. The relative deviation is calculated through Eq.(25). (a) The relative deviation to εp
′

33r, and (b) the relative

deviation to εp
′′

33r.

An attempt is therefore made to compensate for these deviations when determining ε̂p33r from measured data.
One complication is that these deviations will vary to some extent with other material constants. Fig. 8 gives
results from a limited sensitivity study where this deviation in % is calculated from the adjusted data set #
1 and then the material constants are varied in value one by one by 1% and 5%. The relative deviations are
de�ned as,

relative deviation =
εp

′

33rdetermined− εp
′

33rcalculated

εp
′

33rcalculated
· 100%, (25)

and similarly for εp
′′

33r.

The deviations are seen to be quite insensitive to the constants ĉE44, ê15 and ε̂S11, but quite sensitive to
constants such as ĉE11,ĉ

E
12,ĉ

E
13 and ê33. This information may be used in an iterative method to increase the

accuracy in determining ε̂p33r. The data set # 1 results in a deviation of 1.57% for εp
′

33r and 31.6% for εp
′′

33r.
These values will be used in the measurement method to obtain corrected values of ε̂p33r.

4.2.2. Measurements

Measurements of the electrical admittance reformulated to the form of 'generalized permittivity' are plotted
in Fig. 9 together with FE simulations and the calculated ε̂p33r from the data set # 1 in Table 1. The
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experimental values for ε̂p33r using the methods discussed in Section 4.2.1, are

ε̂p33r = 1040.6 -i10.056,

compared to FE simulations data which give:

ε̂p33r = 1179,3 -i13.68,

using data set # 1. However, in particular the experimental value for εp
′′

33r is considered to be quite inaccurate.

As can be seen from Fig. 9 the variation of the measured εGEN
′′

r between R1 and R2 deviates signi�cantly in
shape from the FE calculations. The data set # 1 is thus seen not to recreate this measured variation very
well, which results in problems in determining a representative minimum between the two radial resonance
frequencies. Future improved methods to determine the material constants in Table 1 in addition to possible

iterations are expected to provide a more accurate determination of εp
′′

33r.
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Figure 9: Measurements together with FE simulations of the 'generalized permittivity', ε̂GENr , for a piezoelectric disk of the

material Pz27, and the planar permittivity constant, ε̂p33r, calculated from data set # 1 in Table 1.(a) The real parts εGEN
′

r

and εp
′

33r, and (b) the imaginary parts εGEN
′′

r and εp
′′

33r.

4.3. Clamped permittivity constant

In Section 2.2.2 and Eq. (19) a method based on the MasonTE model for determining εS33r is discussed. Early
unpublished work by Magne Aanes showed, using FE modeling, that the method provided quite accurate
results for a piezoceramic disk. This method is investigated further in Section 4.3.1 and applied on measured
electrical admittance and impedance data in Section 4.3.2. Note that the IEEE Standard on Piezoelectricity,
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[4], does not recommend to determine the clamped permittivity constant at high frequencies because the
presence of unwanted modes will make it di�cult to obtain reliable data.

4.3.1. Method

The 'generalized permittivity' based on FE simulations using data set # 1 is shown in Fig. 10 over a frequency
range that covers the �rst four TE resonances. Results for the Mason TE model is plotted for comparisons
together with lines for ε̂S33 taken from the data in Table 1. In Table 3 the four parallel resonance frequencies
for these TE resonances are given for both the FE simulations and the Mason TE model together with the
midpoint frequencies according to the two models.
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Figure 10: The 'generalized permittivity', ε̂GENr , for a piezoelectric disk of material Pz27, from FE and Mason TE model

simulations using data set # 1 in Table 1, together with ε̂S33r from the same data set.(a) The real parts εGEN
′

r and εS
′

33r, and

(b) the imaginary parts εGEN
′′

r and εS
′′

33r.

Table 3: Parallel resonance frequencies and midpoint frequencies for determining the ε̂S33r based on using FE simulations with
data from data set # 1 in Table 1 and also compared with using the Mason TE model for the same data set.

fp1 fp2 fp3 fp4
fp1+fp2

2
fp2+fp3

2
fp3+fp4

2
[MHz] [MHz] [MHz] [MHz] [MHz] [MHz] [MHz]

MasonTE 1.0631 3.1884 5.3147 7.4399 2.1253 4.2515 6.3768
FE simulation 1.081 3.188 5.316 7.442 2.1345 4.252 6.379
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The method to determine ε̂S33r described in Section 2.2.2 can thus be tested using simulated data instead of
measurements. The results from this test is given in Table 4 for the di�erent midpoint frequencies. These
results can be compared to the input data for ε̂S33r given in Table 1, and should be expected to give a close �t
if the method is good. This �t should be expected to be particularly close for the Mason model, which is also
seen to be the case especially for εS

′

33r. The agreement is also reasonably good for the FE simulations data,
but with some deviations and in particular for εS

′′

33r. The deviations seen may in part be due to complications
from the spurious resonances seen between the TE modes. To illustrate these e�ects expanded plots are
given in Fig. 11 around the midpoint frequencies where ε̂S33r is determined. Even with the small deviations
noticed, the results are seen to be promising, in particular for εS

′

33r.
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Figure 11: Expanded views of the simulated 'generalized permittivity', ε̂GENr , shown in Fig. 10 and the clamped permittivity

constant, ε̂S33r, from data set # 1, at frequency regions where ε̂S33r is determined. (a) The real parts εGEN
′

r and εS
′

33r, and (b)

the imaginary parts εGEN
′′

r and εS
′′

33r.

Table 4: ε̂S33r determined from simulated ε̂GENr using FE simulations and also the Mason TE model.

Between εS
′

33r from εS
′′

33r from εS
′

33r from εS
′′

33r from
parallel resonances Mason Mason FE simulation FE simulation

1-2 919.96 11.23 915.67 18.385
2-3 920.00 11.23 918.22 13.427
3-4 919.99 11.23 917.10 12.314

13



4.3.2. Measurements

To use the method described in Section 4.3.1 on measured data, the measured electrical admittance recal-
culated as 'generalized permittivity' is plotted in Fig. 12 together with the same simulated curves as in
Fig. 10 for comparisons. Noticeable di�erences are seen here between the measurements and simulations
demonstrating that the data set # 1 in Table 1 does not give a very close �t for this piezoelectric element.
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Figure 12: Measurements together with FE and Mason TE model simulations of 'generalized permittivity', ε̂GENr , for a piezo-

electric disk of material Pz27 using data set # 1 in Table 1, and ε̂S33r from the same data set. (a) The real parts εGEN
′

r and

εS
′

33r, and (b) the imaginary parts εGEN
′′

r and εS
′′

33r.

In Table 5 the parallel resonance frequencies for the four TE modes are given together with the three midpoint
frequencies where the values for ε̂S33r are taken. Expanded views of the measured results for ε̂GENr are shown
in Fig. 13 around the three midpoint frequencies, and illustrates how the spurious resonances a�ect the
determination of ε̂S33r.

Table 5: Parallel resonances and midpoint frequencies for measurements on a Pz27 disk

fp1 fp2 fp3 fp4
fp1+fp2

2
fp2+fp3

2
fp3+fp4

2
[MHz] [MHz] [MHz] [MHz] [MHz] [MHz] [MHz]

Measurements 1.0942 3.2429 5.411 7.573 2.1686 4.3270 6.4920
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Figure 13: Expanded views of the measured 'generalized permittivity', ε̂GENr , shown in Fig. 12, at frequency regions where

ε̂S33r is determined. (a) The real part εGEN
′

r , and (b) the imaginary part εGEN
′′

r . Points where the permittivity constants are
determined, are indicated by + (uncorrected).

Table 6: ε̂S33r determined from measurements, calculated tan δε
S

33 and Qε
S

33

Between εS
′

33r from εS
′′

33r from tan δε
S

33 Qε
S

33

parallel resonances measurements measurements

1-2 792.38 16.636 0.021 47.63
2-3 789.86 14.549 0.018 54.29
3-4 787.86 15.841 0.020 49.74

Results for ε̂S33r are given in Table 6 including values for tan δε
S

33 and Qε
S

33 . As illustrated for the simulated
data in Section 4.3.1, the method is also assumed to be best at the highest of the midpoint frequencies for
the measurements. By using in addition a correction of +0.32% for εS

′

33r and -15.52% for εS
′′

33r, as obtained by
using the FE simulations as described in Section 4.3.1, the following values are obtained,

ε̂S33r = 790.38 -i13.713.

The values from Table 1 are, for comparisons:

ε̂S33r = 920.00 -i10.66.

15



These measured values are thus seen to deviate signi�cantly from the values from Table 1. This can also be
readily seen from the plots of measurements and FE simulations in Fig. 12. The values for ε̂S33r in Table 1
are therefore clearly wrong for the piezoceramic element studied.

4.4. Additional constants and a new adjusted set of material data

By using the Mason TE model for analysis, the sti�ness constant cD
′

33 can be determined from measurements
as shown in Section 2.2.2 Eq. (23). To test, by using FE simulations, whether this can provide an accurate
method for an element such as the one considered here, values for cD

′

33 are given in Table 7 both by using
simulations (Mason TE model and FE model) and from measurements. The parallel resonance frequencies for
the four TE resonances are used as indicated in the table, and for the simulations the results for cD

′

33 should
be compared with the calculated value from data set # 1 in Table 1; cD

′

33 = 14.363 [1010 Pa]. The Mason
model gives as expected very close agreement, but what is important here is that also the FE simulated data
give very close agreement for the two highest parallel resonance frequencies, and for the highest the deviation
is +0.059%. Thus it is expected that cD

′

33 , when it is corrected by -0.059% is determined fairly accurately to
the value,

cD
′

33 = 14.873 [1010 Pa]

For the corresponding loss constant no new measurement has been done here, and the value calculated from
material data set # 1 in Table 1 will be used.

Table 7: Determination of cD
′

33 from simulations and measurements using Eq.(23).

cD
′

33 cD
′

33 cD
′

33 cD
′

33

Unit [1010 Pa] [1010 Pa] [1010 Pa] [1010 Pa]

Using frequency fp1 fp2/3 fp3/5 fp4/7

MasonTE 14.370 14.362 14.366 14.363
FE simulation 14.858 14.358 14.373 14.371
Measurements 15.223 14.857 14.891 14.882

By using Eq. (11) the constants ĉE33 and ê33 can now be determined using the results given above. For the
constants in Table 1 that are redetermined in the present work, i.e ĉE33, ê33 and ε̂S33r, the values are used
together with constants from data set # 1 in Table 1 to give a new adjusted material constants data set #
2 as shown in Table 8.

Table 8: Material data for the piezoelectric material Pz27.

Constant Unit Ferroperm Piezoceramics A/S Adjusted set # 1[13, 14] Adjusted set # 2

cE11 [1010 Pa] 14,70 11,875(1+i 1
95,75 ) 11,875(1+i 1

95,75 )

cE12 [1010 Pa] 10,50 7,430(1+i 1
71,24 ) 7,430(1+i 1

71,24 )

cE13 [1010 Pa] 9,370 7,425 (1+i 1
120,19 ) 7,425 (1+i 1

120,19 )

cE33 [1010 Pa] 11,30 11,205 (1+i 1
177,99 ) 11,298(1+i 1

439.29 )

cE44 [1010 Pa] 2,30 2,110 (1+i 1
75 ) 2,110 (1+i 1

75 )
e31 [ C ·m−2] -3,090 -5,40 (1-i 1

166 ) -5,40 (1-i 1
166 )

e33 [ C ·m−2] 16,00 16,0389(1-i 1
323,77 ) 15,8216(1-i 1

162.10 )

e15 [ C ·m−2] 11,60 11,20(1-i 1
200 ) 11,20(1-i 1

200 )
εS11r - 1130 916(1-i 1

50 ) 916(1-i 1
50 )

εS33r - 914 920(1-i 1
86,28 ) 790,38(1-i 1

57.63 )

ρ [ kg ·m−3] 7700 7700 7700
Qm - 74 - -
tan δ - 0,017 - -
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Figure 14: FE simulation of the 'generalized' permittivity, ε̂GENr , for a Pz27 disk using two di�erent set of material data, set #
1 and set # 2, together with measurements. (a) The real part, and (b) the imaginary part.

In Fig. 14 the new data set # 2 is used to obtain a new FE simulation for the 'generalized permittivity' of
the element, which should be expected to give a closer �t in particular in the high frequency region and for
the parts of the curves where the determined constants should be expected to have an e�ect. This is also seen
to be the case. On the other hand, further adjustments are seen to be needed for the remaining constants
in Table 8. In the low-frequency region the measurements of ε̂T33r have not been utilized in the adjustments
in data set # 2 so far. Further, for the lower part of the radial modes region it is also well known through
FE sensitivity analyses [2, 18] that the three constants cE44, e15 and εS11 have little e�ect on the electrical
properties. Such information can be important in the work to develop improved measurement methods for
the additional constants in Table 8.

4.5. Source sensitivity

The e�ects of the adjustments in material constants data from data set # 1 to data set # 2 in Table 8 on
the FE calculated source sensitivity is shown in Fig. 15 from 0 to 200 kHz. The results show a small shift
in frequency of the resonance peak and an approximately 2.7 dB higher source sensitivity at the peak than
by using data set # 1. This is a noticeably large change in sensitivity. It will be important to look more
into the e�ects of the various constants on the electro-acoustical and acoustical properties generated by such
a piezoceramic element, in order to evaluate how accurately acoustical properties can be determined by FE
simulations from a given set of material constants data.
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Figure 15: Simulated source sensitivity for a Pz27 disk radiating in air using two di�erent material data sets, set # 1 and set
# 2 in Table 8. All other simulation parameters are kept identical. (a) 0− 200 kHz frequency range (b) expanded plot in the
region of the R1 resonance peak.

5. Conclusions

The 'generalized permittivity' formulation of the electrical admittance of a piezoceramic disk is used through
FE simulations to study methods for determining the free (ε̂T33), the planar (ε̂p33) and the clamped (ε̂S33)
permittivity constants. In addition, a method for determining the sti�ness constant at constant electrical
displacement is studied using FE simulations. Use of the methods on electrical measurements provide data for
these and two other material constants which together are used to derive a new adjusted material constants
data set for the piezoceramic element studied. The e�ects of the changes in material constants data on the
FE simulated source sensitivity are also studied. Further experience on other piezoceramic disk elements of
other materials and sizes are needed both to con�rm the physical soundness of the methods, to study the
measurement uncertainty which can be achieved, and also to study the e�ects of di�erent material constants
on electro-acoustical and acoustical properties. Further work is also needed to develop physically sound
improved methods for determining the remaining material constants.
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